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In [J], Jacobson asked a question that gave rise to the so-called Jacob- 
son’s Conjecture: 
“If R is a left noetherian ring with Jacobson radical J, then nn E mr J” = 0”. 
Herstein [H] and Jategaonkar [Jl ] constructed counterexamples to 
show that this conjecture is not true. In [J3] Jategaonkar asked if Jacob- 
son’s conjecture holds for left noetherian rings with a left Morita duality. 
The main purpose of this paper is to give a negative answer to this 
question. In Section 1 we give the basic tools for our investigations. These 
are elementary facts concerning trivial extensions and generalized 
triangular matrix rings. Many of them are already known. 
In section 2 we give counterexamples to the above-mentioned question. 
Using some Commutative Algebra and the results in Section 1, we prove 
(Proposition 2.5) that a large class of generalized trangular matrix rings 
provides counterexamples to this question. The ring R = (8 $), where V is 
a maximal discrete valuation domain of rank 1 and Q is its field of 
quotients, is a typical ring of such a class. Of course, these rings are not 
local but have, at least, two distinct left maximal ideals. 
Next (Proposition 2.11), we provide a local counterexample. This is a 
suitable trivial extension ring. 
In Section 3 we get some more results about Jacobson’s conjecture for 
left noetherian rings. We show that, in some particular cases, it holds. For 
example, if R is a left principal ideal domain with a left Morita duality or if 
R is noetherian (on both sides) and RR is linearly compact in the discrete 
topology, then Jacobson’s conjecture holds. The last one of these facts, 
when R has also a left Morita duality, has already been proved, in another 
context and using a more elaborate approach, in [J4]. 
* This paper was written while the author was a member of the G.N.S.A.G.A. of CNR, with 
partial financial support from the Minister0 della Pubblica Istruzione. 
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JACOBSON'S CONJECTURE 639 
It is worth noting that the quoted Herstein’s counterexample in [H] was 
a generalized triangular matrix ring, while Jategaonkar’s one in [Jl] was a 
left principal ideal domain. 
In Section 4 we answer another question in [J3], namely: “Let R be a 
semilocal eft noetherian ring and J its Jacobson radical. Assume that each 
R/J" has a left Morita duality (or it is even self-dual) and that R is com- 
plete in its J-adic topology. Has R necessarily a left Morita duality?” 
Again, using the results in Section 1, we answer this question in the 
negative, providing a counterexample. 
Finally, in Section 5, we work out a technique for constructing new left 
pseudo-artinian rings starting from known one (see Sect. 5 and [MO] for 
the definition of left pseudo-artinian ring). In particular we get many exam- 
ples of left pseudo-artinian rings which are not strongly left pseudo- 
artinian. Other examples can be found in [DO] and [DM]. 
I would like to thank Professor G. Baccella and Dr. V. Roselli for 
encouragement. 
0. CONVENTIONS AND NOTATIONS 
All rings are associative with identity 1 #O and all modules are unital. 
Let R be a ring. R-Mod will denote the category of left R-modules. The 
notation RM will be used to emphasize that M is a left R-module. 
Moreover, if R and T are two rings we will write RMT to mean that M is 
an R-T-bimodule (left R-module and right T-module). 
If L, ME R-Mod the group Hom,(L, M) will also be written as 
Hom(.L, RM) or Hom,(,L, RM). Maps between modules will be written 
on the opposite side to that of the scalars. If R L T is an R- T-bimodule and if 
#E R-Mod, then we will often consider Hom,(,L, RM) with its left 
T-module structure defined by setting 
where pt is the right multiplication by t on RL. In this case we will also 
write Hom.(.L., R M). If ME R-Mod we will write that M is 1.c.d. to mean 
that & is linearly compact in the discrete topology (see [L] for the 
definition). 
If R is a ring, J(R) will denote the Jacobson radical of R and 
J”(R) = f-L, WI (J(R))“, where N denotes the set of positive integers. Z will 
be the ring of integers. 
640 CLAUDIA MENINI 
1. TRIVIAL EXTENSIONS AND GENERALIZED TRIANGULAR MATRIX RINGS 
Most of the results of this section are already known or they could 
somehow be deduced from more general ones in [FGR]. Nevertheless, for 
the reader’s convenience, we will shortly develop all the material we will 
use in the following. 
1.1. Let T be a ring and THT and T-T-bimodule. We will denote 
by T !X H the trivial extension of H by T. Recall that T !X H is a ring whose 
underlying set is TX H, with componentwise addition and multiplication 
given, elementwise, by 
(1, h)( t’, h’) = (tt’, th’ + ht’), t, t’e T, h, h’E H. 
The map rc: TK H + T defined by setting n( (t, h)) = t is a surjective ring 
homomorphism (augmentation epimorphism). 
The kernel of rc is the two-sided ideal of TK H consisting of all the 
elements of the form (0, h), where h E H. We will denote such an ideal by 
0 x H and i: 0 x H -+ T K H will be the canonical inclusion. Thus we have 
the following fundamental exact sequence of T K H - T K H-bimodules: 
@+OxHfTrxH-+TKH/OxH+O, (*) 
where TX H operates through T both on 0 x H and on TK H/O x Hz T. 
The obvious map T-+ TK H is an injective ring homomorphism which 
allows us to consider any left (resp. right) TM H-module as a left (resp. 
right) T-module. 
1.2. PROPOSITION. Let R = TK H be the trivial extension of H by T. 
Then : 
(1) The left ideals of R are exactly the left T-submodules U of T !X H 
such that U 2 0 x (H * U,), where U, = (U) 7t < T. 
(2) The maximal left ideals of R are exactly those of the form ‘9lI x H 
where !DI is a maximal left ideal of T. 
(3) J(R)=J(T)xH. 
(4) RR is noetherian (resp. artinian) iff .T and .H are noetherian 
(resp. artinian). 
(5) RR is 1.c.d. &f TT and =H are 1.c.d. 
ProoJ: (1) is an easy calculation, (2) follows from (1) and (3) from (2). 
(4) and (5) follow from the exact sequence (*) of 1.1. 
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1.3. PROPOSITION. Let R = T DC H be the trivial extension of H by T. Let 
=E be an injective left T-module. Set ,J( TE) = Hom.( TRR, TE). 
(1) RX( TE) is an injective left R-module. 
(2) d(&)r .EOHomA.H,, T E) where the action of R on 
.E @ Horn T( THT, TE) is given by 
(t, h)(e, 5) = (te + (h) t, t5) 
tET, hrzH, egE, <EHomA.H,, TE). 
(Note that t< means pLt *5 where p, is the right multiplication by t on H). 
(3) E is, in this way, an essential and fully invariant left R-submodule 
of ,A&. 
(4) R operates through T both on E and on ,J( TE)/TE. 
(5) ,J( TE)/TE is isomorphic, as a left T-module, to Hom.( THT, TE). 
(6) End,(,X(&)) z EndA$) K Hom.(Hom.(.H,, 8), &). 
Proof (1) (See [V, p. 2791). It is easy to check that there is a natural 
equivalence between the functors Hom,( -, Hom.( rR,, - )) and 
Horn r.( -, - ) from R-Mod x T-Mod into abelian groups. Thus 
Hom.( TRR, -) from T-Mod into R-Mod preserves injectives (and 
cogenerators). 
(2) follows by routine calculations (see [J, p. 1361 and [DO, 
Sect. 61 for similar calculations). 
(3) Let (e, t) E RX( &) where e E E, 5 E Horn r.( THT, TE) and suppose 
5 # 0. Let h E H such that (h) 5 # 0. Then (0, h)(e, 5) = ((h) 5, 0) # 0. Thus 
TE is essential in RX( TE). 
As J = AnnRxcTEj(O x H), .E is a fully invariant submodule of RX( TE). 
(4) and (5) are easily checked. 
Let us prove (6). Let f E End,(,X( TE)). As & is fully invariant in 
R X( TE), ATE = cp E End( TE). Let 5 E Horn T( THT, TE), h E H, t E T. Then 
f(K), hW, 5))=fVt> O))= t(h) 5~ 0). 
It is now easy to see that, for every 5 E HomATH,, TE), it is f ((0, {)) = 
((5) $, &P), where JI E HomAHom.(.H,, ~9, ~3. We DO, 6.81 for 
similar calculations). 
1.4. COROLLARY. RX( =E) is a left 1.c.d. R-module iff TE and 
HomATH,, TE) are left 1.c.d. T-modules. 
Proof If follows from Proposition 1.3(3), (4), (5). 
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1.5. Let A and B be two rings and AMB and A-B-bimodule. We 
will denote by 
the ring whose elements are the triples (a, X, b), that we will write as 
a x 
( ) 0 b’ 
where a E A, x E N, b G B. The addition on R is defined by componentwise 
addition and the multiplication is defined by “matrix multipiication” 
(ff ;)(i ;J=(“o”’ QXb+bfb’) 
(a, a’ E A, x, x’ E A& b, b’ E B). Let T = A x B be the Cartesian product of A 
and B. T identifies with the subring 
of R. Note that if L is any left A-module, then L has a natural structure of 
left T-module defined by setting 
aEA, bcE, XEL. 
Analogous considerations hold on the right and we have a similar result for 
B. Moreover it is easy to see that if L is an A-B-bimodule, L becomes in 
this way a T-T-bimodule. In particular M can be considered as a 
T-T-bimolduie so that R coincides with the trivial extension of +fT by T. 
We will now specialize Propositions 1.2 and 1.3 to this particular 
situation. 
1.6. PROPOSITION. Let R = (i A?) be an arbitrary generalized 
triangular matrix ring. Then 
(1) The ieft ideals of R are exactly the subsets of R of the form 
(o w B)=((i i) 1 (a,x)E WandbE%}, 
where W is a feft A-submodu~e of A A Q aM, CJ is a left ideal of 3 such that 
iI423 < W and where R operates on (0 * @) by left matrix multiplication. If 
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A W= ,,9l$ .N where ‘$I and N are submodules of AA and AM, respectively, 
we will also write 
(0 w w)=(pbl l)* 
(2) The maximal left ideals of R are exactly those of the form 
and 
where ,ZJI and #I are maximal left ideals of A and B respectively. 
(3) 
(4) RR is noetherian (resp. artinian) tff .A, aM, and gB are 
noetherian (resp. artinian). 
(5) RR is 1.c.d. SAA, aM, gB are 1.c.d. 
Proof It follows easily from 1.5 and Proposition 1.2. 
1.7. hOPOSITION. tit R= (;: APB) and let gE be an injective left 
B-module. Let RX(BE) be the set E endowed with the natural structure of 
left R-module defined by setting 
e=be, aEA, XEM, bEB, eeE. 
Then RX(BE) is an injective left R-module. 
Proof: Let T= ($ i) d an consider E endowed with the obvious struc- 
ture of left T-module. Then it is easy to see that TE is injective. Let 
tEHomA.M,,.E),yEM, t,=(,!, t)~T.Theny=t,yanditis 
Thus Horn T( TM T, TE) = 0. Apply now Proposition 1.3. 
1.8. PROFQSITION. Let R= ( t A?) and let AE be an injective left 
A-module. Let RX(AE) be the set “E@ Horn&M,, AE) endowed with 
the structure of left R-module given by 
(e, 5) = (ae + (xl l, b5) 
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aEA, XEM, beB, ecE, {EHomA(AMB, AE). Then: 
(1) ,J( A E) is an injective left R-module. 
(2) AE is an essential R-submodule of ,J( AE). 
(3) R operates through A on AE and through B on ,J(,E)/,E. 
(4) .X(,E)/,E is isomorphic-as a left B-module-to Hom,(,M,, AE). 
(5) En4kRXLE)) 2 EndALE). 
Proof: Let T= (< i) d an consider E endowed with the obvious struc- 
ture of left T-module. Then it is easy to see that rE is injective. Moreover 
the left R-module RX( TE) of Proposition 1.3 coincides with RX(BE). Thus 
(l), (2), (3), (4) follow easily by applying Proposition 1.3 to this particular 
situation. As far as (5) is concerned, let us note that 
HomA:Hom.(.M,, T E), TE) = 0. In fact let f E Homr(HomA&,, TE)), 
let<EHom.(.M,, ,E),t,=(t y)~T.Then5=t,5sothat(5)f=(t,l)f= 
t, . (5) f = 0. Thus (5) follows again by Proposition 1.3. 
Let A be a ring. We will denote by .d a set of representatives of the 
isomorphism classes of the injectives envelopes of simple left A-modules. 
1.9. PROPOSITION. Let R = (f ~7 ). Then the minimal cogenerator of 
R-Mod is 
RK= 0 AT.&)@ 0 ,&%A 
,&EAR BEE.@ 
ProoJ: Follows by Propositions 1.6, 1.7, and 1.8. 
For technical reasons, we set the following: 
DEFINITION. Let R = (;f A?) be a generalized triangular matrix ring. 
We will say that R is left b-local if both A and B have-up to 
isomorphism-a unique simple left module, say AS and J, respectively. In 
this case “8 = ( AE} and & = { nE), where AE (resp. BE) is the injective 
envelope of “S (resp. $S) in A-Mod (resp. in B-Mod). 
1.10. PROPOSITION. Let R= (;f *p) be a generalized triangular matrix 
ring. Assume that R is left b-local and let 
be the minimal cogenerator of R-Mod. Set *N= .(Hom,(,M,, AE)). Then: 
(1) JC is 1.c.d. o aE, BE, and gN are 1.c.d. 
(2) RK is artinian o A E, BE, and gN are artinian. 
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(3) 
where the action of Z on K is given by 
= ((e)S, 4% (5) h + (Y) g) 
forec,E, [EON, yE,Eand(ii)EZ. 
Proof. (1) and (2) follow from Propositions 1.6, 1.7, and 1.8. As 
RK= .X(,E)@ RX(BE) it is clear that 
Set I=( i t) and let 1E Hom,( RX(BE), RX(AE)). Then ZIm(f) =O. As I 
acts faithfully on RX(AE) we get Im(l) = 0 and hence I= 0. Let 
h E Hom,( RX(AE), RX( BE)). As (A “,) RX(BE) = 0 it is clear that 
.E < Ker(h) so that h induces a morphism 
-. h. ,J(JW/,E-) BE. 
Now (3) follows from Propositions 1.6 and 1.7. 
1.11. Remark. 1.8 has an obvious generalization to the case in which A 
and B have-up to isomorphism-a finite number of nonisomorphic simple 
left A-modules. 
2. COUNTEREXAMPLES TO JACOBSON'S CONJECTURE 
ON LEFT NOETHERIAN RINGS HAVING A LEFT MORITA DUALITY 
Let us recall that the Jacobson’s conjecture on left noetherian rings 
having a left Morita duality can be so formulated (see, e.g., [J3] and 
CMOI): 
“Let R be a left noetherian ring. Assume that both RR and the minimal 
cogenerator RK of R-Mod are 1.c.d. Is it true that J”(R) = O?“. 
We will answer this question in the negative, providing counterexamples. 
2.1. Let I/ be a commutative local noetherian ring, with maximal 
ideal W. If V is complete in its ‘il%adic topology, we will say that I/’ is a 
4x1 103~2-16 
646 CLAUDIA MENINI 
complete ring. If I is an ideal of V, Ass,(Z) will denote the (finite!) set of 
prime ideals of V associated to I. If P is prime ideal of V, V, will denote 
the completion of the localization V, of V at P, in its PV,-adic topology. 
Recall that V is said to be a l-dimensional Cohen-Macaulay ring if V has 
Krull dimension 1 and if contains a regular element. 
2.2. LEMMA. Let V be a local l-dimensional Cohen-Macaulay noetherian 
ring and let Q = Q(V) be its full ring of quotients. Then: 
(1) Q~l-Lc~ssv(o) V, is an artinian ring. 
(2) Q/V is an artinian V-module. 
(3) Zf V is complete, Q is an 1.c.d. V-module. 
Proof: (1) Note that, since V is a Cohen-Macaulay ring, the prime 
ideals of V not containing any regular elements are exactly the prime ideals 
of V associated to 0. Moreover, every P E Ass i,(O) is minimal. Thus Q is an 
artinian ring and Q g nPEAssvcOJ Qp. As Qp= V, for every PEAss.(O), (1) 
follows. 
(2) Let %I-‘= {qEQ (q%I)Jlc V} and let sGYJI be a regular element. 
Then multiplication by s yields an isomorphism between YJm ’ and an ideal 
of V. Thus %I ~ ’ is a finitely generated V-module. 
Let 0 # q + VE Q/V. Then Ann.(q + V) < YJI and Ann y(q + V) contains a 
regular element of V. As V is local of Krull dimension 1, it follows, by 
Krull’s principal ideal theorem, that there exists an n E N such that 
m”cAnn.(q+ V). Thus 9Jm’/V=Soc(Q/V) is essential in Q/V. As 
9J-‘/V is a finitely generated V-module, it follows that Q/V is an artinian 
V-module. 
(3) follows from (2). 
2.3. Let V be a commutative local complete noetherian ring. 
Assume that Z is an ideal of V such that V/Z is a l-dimensional 
Cohen-Macaulay ring. We set 
P= n VP 
PE Ass(l) 
and denote by pE the minimal cogenerator of I? Then 
pE = @ E( VIP), 
P E Ass(l) 
where E( V/P) is the injective envelope of V/P in V-Mod (see [M, 
Theorem 3.61). 
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2.4. PROPOSITION. With the notations given in 2.3 we have: 
(1) VZP~ l-LASS(l) I/,/IV, is an artinian ring. 
(2) V/ZVE Q( V/Z), the full ring of quotients of V/Z. 
(3) Q( V/Z) is a 1.c.d. V-module. 
(4) Homp( V/ZV, +!I?) is a 1.c.d. V-module. 
Proof (1) As V/Z is a Cohen-Macaulay ring every prime associated 
to Z is a minimal prime containing I. Thus, for every P E Ass(Z), Vp/ZV, is 
an artinian ring and hence an artinian V,-module. It follows that the com- 
pletion of V,/ZV/, in its PV/,/ZV,-adic topology is V,/ZV,. Thus 
P,/zP, = vp/zv,. 
(2) follows from (1) and Lemma 2.2. 
(3) By Lemma 2.2, Q( V/Z) is a 1.c.d. V/Z-module. 
(4) Horn p( V/ZV, PE) = Ann,(ZV) = minimal injective cogenerator of 
V/ZV-Mod. As V//la is an artinian ring, its minimal injective cogenerator is 
finitely generated. Thus (4) follows from (3). 
2.5. PROPOSITION. With the notations given in 2.3 let 
R=(Z A,,>, where A = V, B = V, .MB = pQ( V/Z) “. 
Then :
(1) R is a left noetherian ring. 
(2) R is 1.c.d. 
(3) 
J(R)=(Jy) J;Ms)) 
(4) 
(5) The minimal cogenerator RK of R-mod is 1.c.d. 
Proof. By Proposition 2.4, .h4= V/ZV is a cyclic (left) A-module. As V 
and V are 1.c.d. (1 ), (2) and (3) follow from Proposition 1.6. 
Let s be an element in the maximal ideal ‘9X of V such that s + Z is 
regular in V/Z. Then Q( V/Z) s = Q( V/Z) and hence Q( V/Z) ‘%I = Q( V/Z). 
Thus (4) follows easily from (3). 
(5) follows from Proposition 1.10, Remark 1.11 and Proposition 2.4, (4). 
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2.6. Examples 
2.6.1. Let V be a maximal discrete valuation domain of rank 1, I= 0. 
Then P= Q the field of quotients of V. In this case 
and by Proposition 1.10, R is even self-dual, i.e., R is the endomorphism 
ring of the minimal cogenerator of R-Mod. Note that 
and J(R) J”‘(R) = 0 while J”(R) J(R) = P(R). 
2.6.2. Let K be any field, let I’= K[ [x, y] 1, the ring of formal power 
series in two variables over K, and let I= y”V. Note that, in this case, 
.F’(R)J”(R)#O, while J”(R) J”(R) = 0. 
Proposition 2.5 provides a large class of counterexamples, but, of course, 
none of them is local. At the best, as in Example 2.6.1, R will have two left 
maximal ideals with non isomorphic residues. 
In the following we will give a “more sophisticated” local counterxample. 
2.7. Let X be a field and G a totally ordered abelian group. Recall 
that the long power series field (or Hahn field) relative to X and G, that 
we will denote by X((G)), is so defined: 
X((G)) is the set of all maps from G into X with well ordered support 
where addition and multiplication are defined by 
(f-t g)(x) =f(x) + g(x), 
(Sg)(x) = TV g(z): Y, z E G and Y + z =x>, 
forf,gEX((G)), XEG. 
If G = Z with the usual order, then X((E)) coincides with the quotient 
field X((x)) of the formal power series ring Z[[x]]. 
23. LEMMA. Let G and H be totally ordered abelian groups and let 
H x G denote the Cartesian product of H and G endowed with the 
lexicographic order (induced by the orders of H and G). Then 
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Proof A direct calculation proves that the obvious assignment 
fH(P(f)T few)), 
where rp(f )(h, g) = (f(h))(g), h E H, g E G, yields a field isomorphism 
between X((G))((H)) and X((H x G)). 
The following fact was suggested by Prof. I. Barsotti. 
2.9. LEMMA. Let N, denote the set of non negative integers and endow 
both Z” and ZNo with the lexicographic order. Then 
-f((~“))(W) g -fWNO)) 
and hence 
Proof. It follows easily from Lemma 2.8. 
2.10. Let X be a field such that X z X((x)). We know, by 
Lemma 2.9. that such a field exists. Let 
P X((x)) --, Lx- 
be an isomorphism. Let T = X[ [xl], let 71: T -+ X be the canonical pro- 
jection and let cx T + X be the restriction of p to T. Let H = X and define 
a T-T-bimodule structure on H by setting 
a.h=n(a)h and h.a=h.o(a), heH, aET. 
Then .Hr T/TX while H,E X((x)) = Q(T). 
2.11. PROPOSITION. With the notations given in 2.10, let 
R=TD<H, 
Then : 
(1) R is a left noetherian ring. 
(2) RR is 1.c.d. 
(3) J(R) = (xA) x His the only left maximal ideal of R. 
(4) J”(R) = 0 x H. 
(5) The minimal cogenerator RK of R-Mod is 1.c.d. 
(6) End( RK) E R. 
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Proof: (l), (2), and (3) follow by Proposition 1.2. 
(4) follows from (3). 
Let =E be the injective envelope in T-Mod of T/TX. Then, by 
Proposition 1.3, 
and it is easy to see that Hom.( &,, $) is isomorphic, as a left 
T-module, to Q(T). Thus (5) follows from Corollary 1.5. 
(6) follows from (6) of Proposition 1.3. 
2.12. Remark. Note that, with the notations given in 2.10, 
J(R)J”(R)=O. Let no N, n > 1. To get a ring R such that 
J”-‘(R) Jw(R)#O and J”(R) J”(R)=0 set 
and endow B with the obvious T-T-bimodule structure deduced from 2.10. 
Set 
i?= TD< i7. 
Then it is easy to see that R is a left noetherian ring and that both KR and 
the minimal cogenerator RK of R-Mod are 1.c.d. Moreover J= J(B) is the 
only left maximal ideal of R an J”J”‘(R) = 0 with J*- ‘J”(R) # 0. 
3. SOME FURTHER RESULTS 
In this section we will get some more results about Jacobson’s conjecture 
and we will show that, in some particular cases, it holds. 
3.1. LEMMA. Let R be a ring, J= J(R), J”= J”(R). Suppose that RR is 
1,c.d. and RJ is finitely generated. Then 
J” = J”J. 
Proof: Let J= Ra, + ... + Ra,. For every left R-module A4, let M”” 
denote the direct sum of n-copies of M. Define 
f: RRCn)--, RR 
by setting 
(rl ,..., rn)f=rla,+ ... +r,a,, r ,,..., r,ER. 
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Then f is a morphism of left R-modules and 
( pJ*R’“‘))f= ((J”)‘“‘)f= J”J. 
As RR is l.c.d., by Satz 1 of [L] it is: 
(Q (PP)))f= 9 (Jk~@))f= Jm. 
3.2. COROLLARY. Let R be a ring, J= J(R), J” = J”(R). Assume that RR 
is 1.c.d. and that both RJ and J; are finitely generated. Then J” = 0. 
Proof: By Lemma 3.1 J” = J-J. Apply now Nakayama’s Lemma. 
Recall that a ring R is said to have a left Morita duality if both RR and 
the minimal cogenerator RK of R-Mod are 1.c.d. 
3.3. Remark. Corollary 3.2 holds in particular when R is a noetherian 
ring (on both sides) having a left Morita duality. This result has been 
already proved, in another way, in [J4]. 
3.4. PROPOSITION. Let R be a ring J= J(R), J” = J”(R). Suppose that R 
is a local (i.e., R/J is a division ring), J= Rz , nJ”’ is finitely generated and R 
has a left Morita duality. Then there exists an n E N such that J”J” = 0. 
Proof. Let ,&be the minimal cogenerator of R-Mod and suppose that, 
for every n E N, there exists 
For every n E /V let 2, = e, + Ann.(J”) E K/Ann,(J”). Then the elements 2, 
yield a basis for a free left R/J” module. In fact note that J”J”e, = 0 and 
assume that 
i rnP,=O with r,, E R, rr #J”. 
n=l 
Then r,e,EAnn,(J’-‘J“‘) and hence Jr-‘J?,e,=O. Since r,$J” and R is 
local, there exist an 1 E N and an invertible element E of R such that 
r, = EZ! 
Then J”r, = JW&z’ = J”z’ and, by Proposition 3.1, J”r, = J”. Thus 
Jr- ‘Joe, = 0. Contradiction. 
Since K/Ann,(J”) is an 1.c.d. left R-module this cannot happen. Hence 
there exists an n such that 
Ann,(J”J”) = Ann,(J”+ ‘J”). 
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Thus, as ,& is a cogenerator of R-Mod, we get 
J” J” = J”+ ‘J”. 
Nakayama’s Lemma implies that J”J” = 0. 
3.5. COROLLARY. Let R be a left principal ideal domain with a left 
Morita duality. Then J”(R) = 0. 
Proof: As RR is I.c.d., idempotents modulo the Jacobson radical lift. 
Thus, since R is a domain, R must be local. Apply now Proposition 3.4. 
3.6. Remark. The ring R in 2.10 is a left principal ring. Thus 2.11 shows 
that the hypothesis “domain” in Corollary 3.5 cannot be omitted. 
4. ON A PROBLEM OF A. V. JATEGAONKAR 
In [J3] A. V. Jategaonkar asked the following question: 
“Let R be a semilocal left noetherian ring, J= J(R). Assume that each 
R/J* has a left Morita duality (or it is even self-dual) and that R is complete 
in its J-adic topology. Has R necessarily a left Morita duality?” 
In this section we will give a negative answer to this question. 
4.1. Let X be a field and let 
where A=X[[x]], B=X and AMBzA3kT[[x]]& Moreover, for every 
nE N, let 
R,= A, A.t”n)B 
> 0 B’ 
4.2. LEMMA. Let nE N. Then, with the notations given in 4.1, the ring R, 
has a left Morita duality and is the endomorphism ring of its minimal 
cogenerator (i.e., R, is self-dual). 
Proo$ By Proposition 1.6 R, is left (and right!) artinian. Let .“E and 
gE be the minimal cogenerators of A,-Mod and B-Mod, respectively. 
Then, it is well known that 
A,E=A, and .E=B 
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and 
Thus, by Proposition 1.10, the minimal cogenerator &C of R,-Mod is left 
artinian and End( R,K) z R,. 
4.3. PROPOSITION. Let R be the ring defined in 4.1. Then: 
(1) R is left noetherian. 
(2) 
and J”(R) = 0. 
(3) W(J(R))” = 4, h as a left Morita duality with itself. 
(4) RR is 1.c.d. and hence it is-by (2)-complete in its J-adic 
topology. 
(5) R does not have a left Morita duality. 
Proof. By Proposition 1.6, RR is noetherian and 1.c.d. 
(2) follows again by Proposition 1.6. (3) follows from (2) and 
Lemma 4.2. 
Let .E be the minimal cogenerator of A-Mod. Then 
BN=HomA(AMB, ,., E) = BX[ [x] ] which is not 1.c.d. Proposition 1.10 
implies that the minimal cogenerator of R-Mod is not 1.c.d. 
4.4. Let X be a field and rc: X[ [x]] -+ X the canonical projec- 
tion. Set T= X [ [x] ] and define a T-T-bimodule structure on 
H= X[[x]] by setting 
ah = ah, aeT 
and 
ha = hn(a), h E H. 
Let R=To<H. 
4.5. PROPOSITION. With the notations given in 4.4 it is: 
(1) R is a left noetherian ring. 
(2) J(R) = (TX) x H is the only (left) maximal ideal of R. 
(3) R/(J(R))” has a left Morita duality (with itself). 
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(4) RR is 1.c.d. and-as J”(R) = &it is complete in its J-adic 
topology. 
(5) R does not have a left Morita duality. 
Proof Exercise (Hint: apply Propositions 1.2 and 1.3 an Corollary 1.4). 
5. A CLASS OF PSEUDO-ARTINIAN RINGS 
Recall (see [MO]) that a ring R is called left pseudo-artinian (resp. 
strongly left pseudo-artinian) if every cyclic submodule of the minimal 
cogenerator RK of R-Mod is left artinian (resp. of finite length). We will 
now give a method for constructing “new” left pseudo-artinian rings, 
starting from “old” ones. 
5.1. PROPOSITION. Let R( ;f A?) be a generalized triangular matrix ring 
and assume that B is left artinian. Then: 
(1) R is left pseudo-artinian o A is left pseudo-artinian. 
(2) R is strongly left pseudo-artinian o A is strongly left pseudo- 
artinian and for every AE~ Ab, 5 E Hom,( AM, AE), Im((5) is finitefy 
generated A-submodule of ..,E, 
Proof (1) follows by Proposition 1.7, 1.8, and 1.9. (2) If R is strongly 
left pseudo-artinian then, by Proposition 1.8, A is strongly left pseudo- 
artinian. Assume that A is strongly left pseudo-artinian and let AE~ c?~. 
Consider the exact sequence 
O+.EL ,JLE) -G Hom,LM,, A -, 0. 
Let x=(e,[)ERX(AE), eE,E, <EHom,(,M,,.E). Then we have the 
exact sequence 
O+Ker(z)nRx-+Rx-+(Rx)znO. 
It is 
and 
Ker(z) n Rx z Ae + Im( r ). 
Thus RX is of finite length iff Im(t) . is a finitely generated submodule of AE. 
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5.2. EXAMPLE. Let B be any commutative artinian ring, A any com- 
mutative noetherian ring which is a B-algebra, M any left A-module con- 
sidered in an obvious way as an A-B-bimodule. Then 
is a left pseudo-artinian ring. In general, R will not be strongly left pseudo- 
artinian. Consider, for example, the case when A is not artinian and 
.M= AE~ A&. 
The particular situation when A = X [ [xl], B = X a field and 
M= E(A/xA) has already been studied, with a different approach, in 
CJ-0 
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